
Definition (Variation

Let f : [a
, bl + IR be a function and P = (a= xoc ... Xn = b)

be a partition of [a
.
b1. The variation of f with respect

to P is defined as VIf . P= Hix-f(x) and
its total variation is VH) = SupVC, P).

A functionI has bounded variationif VII < 0.

Cla
, b_ = (continuous functions on [a . b)

Bla , bl = I bounded functions on [a , b1)

Ilf Ilo= sux
BV[a

,
bl = / functions of bounded variation on [a , b1)

II fil = Vif)

Claim : Cla , bl
*
= BVIa, b]



Definition (Riemann-Stietjes Integral

Let feCla , bI
,
gEBVla , bl and p = Ja= Xoc -

-< xn> b) be

a partition with tags the [Xy , Xp]. The Riemann-sticles

sum off with respect to g and D is defined as

S(f, g , Pl=fitn)(g(-g(l .

The Riemann-Stitiea

Integral of with respect to g is defined as

/b fixdgix) =fi Si,

Runk : The existence of the limit is similar
to the

standard Riemann integral using the fact that

f is uniformly continuous andI has bounded variation.

Proof of Cla
,
bl
*
= BVla

,
b] :

Define T : BVLa , bl - Cla , bl
*

by

(Tg)(f) = Safixdg(x
for any feCla, bl and geBVIa , b1.

T is well-defined by the existence of Riemann-Stirties

Integral and clearly finear.



(i) T is injective.

Tg = 0 => dgex =0 for all feCta , by

=> Ssudgex) = 0 for all step functions

For any apcadab
,

let S=se

Choosing a partition P with Un = C and Xd for some

k
,
k

,
we get gld-gid=g(x-gx fr a

320
.

Thus gidi-gid = o for any ascadab .

Hence g = 0.

(ii) T is surjective.

Pick any LECEa , bl
*. We want to find geBria , b.

such that L = Tg.

Notice that (Ia , b1 is a subspace of Bla, by

By Hahn-Bamach Theorem
,
I has an extension

[ on Bla , b1 with 1/2/lcta
,b
* = 11 [llBa

, by
*



Define o by g(x = EX[a
,
x]

1 : gEBV[a , b1.

Pf : Pick any partition P = (a = Xoc - - xn = b)

/g(x) - g(x-il) =EEr(g(xm) - g(xx-1) Er = 1)

=Ep([Xx[X]
↑

= [ma-X
-III/Bia

,b
* Il (XaX Xia

,
X-Alla

=I/ [llB5a
. b_
*

= Il LIlc[a
, bI*

↑
2
: Lif) = TgHf) for all feCla , b7.

↑f : Pick my fe([a, b1 .

Fix &30
. By uniform

continuity of f
,
E Spo such that

If(x- fysk for x, Y +Ea , b1 with 1x-yK8.

By definition of Riemann-Stielties integral,



E So such that for all partition P with

1IP1K<52 and tr= Xp
,
/TgH - Si, g , 4)) < 3 .

Take a partition P with 11411 <minds, S 1 %.

PutF fixXxX]

Then Ilf-FIlo <3 and [H= SH
. 8 . 4)

.

Therefore
, 1TgH) - ((f)

-
> ligH) - [IF)) + IECF) -Life /

= /a f(xdgex - S(f, g , 4)) + )[(5- f)
< E + IIIllBiab* 11F- fll3

Letting 350 gives Tgif) = (H).



(iii) T is an isometry
.

Pick any
fe Cla

.
bl
, gEBVIa, b] and partition P

with tags to.

IS(f. g . P11= fith (g(x) - g(x-- 1)

Aftn)(g(x-gxl
- Ilfllog(x) - g(x-1)
- Ilfllo V(g)

Thus (TgH))-> IfI0V(f) for any -Cla , bI , i . e.,

IITgl/cia
,b
* - V (g) .

By proof of (ii) , EgEBVia, b1 such that

V(g) -XITg/c[a
,
bl
* and Tg = Tg.

By (i) , g =
5

.

Hence V(g) <// TgI/cia
, bl
*

1


